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Abstract. Consider a geometrically finite Kleinian group G without para- 
bolic or elliptic elements, with its Kleinian manifold M = (H 3 \JQ,g)/G. Sup- 
pose that for each boundary component of M, either a maximal and connected 
measured lamination in the Masur domain or a marked conformal structure 
is given. In this setting, we shall prove that there is an algebraic limit T 
of quasi-conformal deformations of G such that there is a homeomorphism h 
from IntM to H 3 /r compatible with the natural isomorphism from G to T, 
the given laminations are unrealisable in H 3 /r, and the given conformal struc- 
tures are pushed forward by h to those of H 3 /T. Based on this theorem and 
its proof, in the subsequent paper, the Bers-Thurston conjecture, saying that 
every finitely generated Kleinian group is an algebraic limit of quasi-conformal 
deformations of minimally parabolic geometrically finite group, is proved us- 
ing recent solutions of Marden's conjecture by Agol, Calegari-Gabai, and the 
ending lamination conjecture by Minsky collaborating with Brock, Canary and 
Masur. 

1. Introduction 

The deformation space AH(G) of a Kleinian group G is defined to be the space 
of faithful discrete representations of G into PSL 2 C taking parabolic elements to 
parabolic elements, modulo conjugacy. One of the most important topics in the 
theory of Kleinian groups is to study topological structure of deformation spaces. 
When a Kleinian group G is geometrically finite, it is known that its quasi-conformal 
deformation space, which we denote by QH(G), forms an open neighbourhood 
of the identity representation of G in its entire deformation space AH(G). The 
topological types of quasi-conformal deformation spaces are well understood, in 
terms of Teichmiiller space of the region of discontinuity, by work of Ahlfors, Bers, 
Kra, Maskit and Sullivan among others. It is conjectured by Bers and Thurston that 
the entire deformation space AH(G) is the closure of the union of quasi-conformal 
deformation spaces of (minimally parabolic) geometrically finite Kleinian groups 
isomorphic to G. Taking this into account, we can see that a crucial step for 
understanding deformation spaces is to study the boundaries of quasi-conformal 
deformation spaces. 

On the other hand, the ending lamination conjecture, which was recently proved 
by Minsky partially in collaboration with Brock, Canary and Masur ([22], [TO])- 
asserts that topologically tame Kleinian groups can be classified, up to conjugacy, 
completely by the following four invariants: the homeomorphism types of the quo- 
tient hyperbolic 3-manifolds, the parabolic locus, the conformal structures at infin- 
ity associated to geometrically finite ends, and the ending laminations associated 
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to geometrically infinite ends. Also by recent resolution of Marden's conjecture by 
Agol and Calegari-Gabai, it is now known that every finitely generated Kleinian 
group is topologically tame. Consider a geometrically finite Kleinian group G and 
its quasi-conformal deformation space QH(G). Then, to obtain a complete list of 
topologically tame Kleinian groups in AH(G), we have only to show that for a 
given quadruple of invariants, with obvious necessary conditions for the quadru- 
ple to be realised, such as the condition that no two laminations are homotopic 
in the 3-manifold, we can construct a (topologically tame) Kleinian group on the 
boundary of QH(G) realising the triple. 

In the main theorem of this paper, we shall prove that if we assume that the 
parabolic locus is empty, any triple of the remaining invariants, such that the 
third one consists of maximal and connected laminations represented by a mea- 
sured lamination in the Masur domain no two of which are homotopic and none of 
which cover laminations on embedded non-orientable surfaces, can be realised by a 
topologically tame Kleinian group without parabolic elements on the boundary of 
the quasi-conformal deformation space as its homeomorphism type, its conformal 
structures at infinity, and its unrealisable laminations. 

We should note the following facts to understand the meaning of this statement. 
As was shown in |39j , the first invariant always coincides with the homeomorphism 
type of H 3 /G for a topologically tame Kleinian group without parabolic elements 
on the boundary of the quasi-conformal deformation space. (This is not the case 
if we allow new parabolic elements to appear in the limit. See Anderson-Canary 
[3].) Therefore, we need to fix the first invariant to be the homeomorphism type 
of H 3 /G. By a result of Canary [15], for purely loxodromic topologically tame 
groups, every measured lamination representing an ending lamination must be a 
maximal and connected lamination contained in the Masur domain, which is the 
set of measured laminations intersecting every limit of boundaries of compressing 
discs. 

Two ending laminations for distinct ends cannot be homotopic each other and no 
ending lamination can be homotopic to a double cover of a lamination on a closed 
non-orientable surface, as can be seen by the argument of §6.4 in Bonahon 6J. In 
our main theorem, it will turn out that these conditions for measured laminations 
on the boundary, that every one is contained in the Masur domain, that no two are 
homotopic, and that no one doubly covers a lamination on a non-orientable surface, 
are also sufficient for them to represent unrealisable laminations in a topologically 
tame Kleinian group on the boundary of the quasi-conformal deformation space. 

By Bonahon's work, ending laminations must be unrealisable laminations. Con- 
versely, it can be proved that any unrealisable lamination contained in the Masur do- 
main of a boundary component of a core is the image of an ending lamination by an 
auto-homeomorphism acting on the fundamental group by an inner-automorphism. 
This fact, which should be regarded as the uniqueness of unrealisable laminations, 
was proved by Bonahon in the case of freely indecomposable groups. For non-free 
but freely decomposable groups the argument in Ohshika [39j shows this. It is most 
difficult to prove this fact in the case when the group is free. In the setting of the 
limit group as in our main theorem, this has been proved in Ohshika |40j . which is 
the sequel to the present paper. For free Kleinian groups in general, Namazi and 
Souto [33] have proved this. 
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Based on the argument in this paper, in [40| . we have succeeded in generalising 
the convergence theorem which is the key step of our argument in this paper by 
removing the restrictions that G is purely loxodromic and that given laminations 
are maximal and connected. Combining this result with the resolutions of Marden's 
conjecture and the ending lamination conjecture, and showing that the unrealised 
laminations in the limit groups are actually ending laminations as was explained 
above, we have proved that the Bers-Thurston density conjecture is true. Namely, 
every finitely generated Kleinian group is an algebraic limit of quasi- con formal 
deformations of a minimally parabolic geometrically finite group. See Ohshika [40] 
for more details. 

For the Bers-Thurston density conjecture in the case of freely indecomposable 
groups, there is another approach which is quite different from ours. This is due to 
Bromberg and Bromberg-Brock (|12j. [8]) and used the technique of the deformation 
of cone manifolds. Their method uses the ending lamination conjecture only for 
the case when the manifolds have injectivity radii bounded away from 0. 

Our main theorem can also be regarded as a generalisation of the main theorem 
in [36], where we dealt with Kleinian groups whose corresponding hyperbolic 3- 
manifolds have boundary-irreducible compact cores. To make the result of |36j 
adaptable to general (finitely generated and torsion-free) Kleinian groups, it was 
necessary to prove a convergence theorem for freely decomposable Kleinian groups, 
generalising the main theorem of [35]. One of the most difficult steps for that 
had been the case of functions groups, which was solved by Kleineidam-Souto [23] 
recently. See Theorem 14.21 In [24] , they also gave a proof of a special case of 
our main theorem in the case when G is a geometrically finite function group 
independently of our work here. 

Now we state the main theorem. 

Theorem 1.1. Let G be a geometrically finite Kleinian group without torsions or 
parabolic elements. Let M be a compact 3-manifold whose interior is homeomorphic 
to H 3 /G, and Si, ... , S m its boundary components. (We can identify M with the 
Kleinian manifold (H^UficO/GJ Suppose that at least one maximal and connected 
measured laminations Xj 1 , . . . , \j p contained in the Masur domains are given on 
boundary components Sj 1 , . . . , Sj p among S\, . . . S m , and marked conformal struc- 
tures mi, . . . , m q on the remaining boundary components , . . . , S; . When M is 
homeomorphic to Sj 1 x / andp — 2, we further assume that the supports of A 3l and 
Xj 2 are not homotopic in M . When M is homeomorphic to a twisted I -bundle over 
a non-orientable surface S' , we further assume that Xj 1 is not a lift of a measured 
lamination on S' where Sj 1 is regarded as a double cover of S' via M. Then there 
exists a geometrically infinite Kleinian group (T, ip) with the following properties on 
the boundary of QH{G) in AH{G). 

(1) The hyperbolic 3-manifold H 3 /r is topologically tame, i.e., there is a com- 
pact 3-manifold Af whose interior is homeomorphic to H 3 /I\ 

(2) There is a homeomorphism f : M — » M' inducing (a conjugate of) the 
isomorphism ijj : G — > T when we identify G with ni(M) and T with ni(M'). 

(3) For each ik = i\,...,i q , the end of H 3 /r corresponding to f(S{ k ) is ge- 
ometrically finite and its marked conformal structure at infinity coincides 
with /»(mfc). 

(4) For each jk — ji, ■ ■ ■ ,j p , the lamination f(Xj k ) is unrealisable in M' . (See 
Remark{TM-(2) below.) 
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(5) If G is not free, then T has no parabolic elements, and the end facing f(Sj k ) 
for jk = jx, ■ ■ ■ , j p is geometrically infinite. 

We should remark the following. 

Remark 1.2. (1) In Ohshika [37], we gave a sufficient condition for a collec- 
tion of simple closed curves to be made parabolic elements in a geometri- 
cally finite group on the boundary of quasi-conformal deformation space. 
The theorem above can be regarded as a geometrically infinite version of 
this result. In [|40], which is a sequel to this one, a generalisation of our 
main theorem here allowing laminations to be disconnected and parabolic 
elements to exist is given. 
(2) In the theorem, we have only stated that f(Xj k ) is unrealisable in M'. To 
show that f(Xj k ) really represents an ending lamination in M', we need to 
show the uniqueness of unrealisable laminations (in the Masur domain) up 
to diffeomorphism nomotopic to the identity. As was explained before, this 
fact is not easy to prove particularly in the case when the group is free, and 
its proof can be found in Ohshika [3D] . An alternative proof of this fact in 
the case of free groups can be found in Namazi-Souto |33j . 

The tameness of the limit group T needs the result of Brock-Souto [TT] 
and Brock-Bromberg-Evans-Souto |] or a general resolution of Marden's 
conjecture by Agol [2] and Calegari-Gabai [13] . In other cases, the unreal- 
isability of the f(Xj k ) implies the tameness. 

We present here an outline of the proof of the main theorem. We shall construct 
a sequence of quasi-conformal deformations of G using the Ahlfors-Bers map so 
that for each boundary component on which a measured lamination is given, the 
corresponding conformal structures converge to the projective class of that lamina- 
tion in the Thurston compactification of the Teichmullcr space. The crucial step 
of the proof is to show that such a sequence converges after passing to a subse- 
quence. By applying Bonahon's theory of characteristic compression body to a 
compact core of H 3 /G, we shall express G using amalgamated free products and 
HNN extensions composed of function groups and freely indecomposable groups. 
Using Kleineidam-Souto's theorem, we see that if we restrict to a factor which 
is a function group, then the sequence converges after taking a subsequence. On 
the other hand, we can make use of Morgan-Shalen's interpretation of Thurston's 
theory by using the language of R-trees to show that the restriction of <pi to a freely 
indecomposable factor also converges. It will remain to show that these imply that 
the original groups, which can be obtained by amalgamated free products and HNN 
extensions from these groups, also converges. This will be shown using the fact the 
amalgamating subgroups converge to a quasi-Fuchsian group. 

The author would like to express his gratitude to the referee for his/her comments 
and suggestions which, the author hopes, have made this paper clearer and more 
readable. 

2. Preliminaries 

Kleinian groups are discrete subgroups of PSL2C — SL2C/{±E}. We re- 
gard Kleinian groups as acting on H 3 by isometries and on its sphere at infinity 
S^, which is identified with the Riemann sphere, by conformal automorphisms. 
Throughout this paper, we assume Kleinian groups to be finitely generated and 
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torsion free. A non-identity element of a (torsion-free) Kleinian group is cither 
loxodromic or parabolic. For a Kleinian group G, its limit set on is denoted by 
Ac- The complement of Aq in S 1 ^ is called the domain of discontinuity of G, and 
is denoted by f2c: on which G acts properly discontinuously. The quotient CIq/G 
is a Riemann surface, which is known to be of finite type by work of Ahlfors. 

For a hyperbolic 3-manifold N, its convex submanifold that is minimal among 
those which are deformation retracts of A is called the convex core of A. We say 
that a Kleinian group G is geometrically finite when the convex core of H 3 /G has 
finite volume. A Kleinian group G and H 3 /G are said to be topologically tame 
when H 3 /G is homeomorphic to the interior of a compact 3-manifold. As was 
shown by Marden [25j . geometrically finite Kleinian groups are topologically tame. 
In particular, when G is geometrically finite and has no parabolic elements, the 
Kleinian manifold (H 3 U fic)/G gives a compactification of H 3 /G. 

For an open 3-manifold A, its compact 3-submanifold C is said to be a compact 
core of A if the inclusion of C into A is a homotopy equivalence. Scott proved, 
in [44j . that any irreducible open 3-manifold with finitely generated fundamental 
group has a compact core. In particular, for a (finitely generated, torsion-free) 
Kleinian group G, the quotient manifold H 3 /G has a compact core. It was proved 
by McCullough-Miller-Swarup [55] that for any two compact cores C\^C<i of an 
irreducible 3-manifold M, there is a homeomorphism from C% to Ci inducing an 
inner-automorphism of tti(M) = 7Ti(Gi) = ^(Cz). 

A group is said to be freely indecomposable when it cannot be decomposed into 
a non-trivial free product, otherwise freely decomposable. When a 3-manifold has 
fundamental group which is finitely generated and freely indecomposable, its com- 
pact core is boundary-irreducible, i.e., every boundary component is incompressible. 

Let A be a hyperbolic 3-manifold without cusp having finitely generated funda- 
mental group, and G its compact core. Then the ends of A correspond one-to-one 
to the boundary components of G, since for each boundary component S of C, 
there is only one end contained in the component of N\C touching S. We say that 
the end as above faces S in this situation. 

An end of a hyperbolic 3-manifold A without cusp is said to be geometrically 
finite when it has a neighbourhood intersecting no closed geodesies in A, otherwise 
geometrically infinite. The hyperbolic manifold A is geometrically finite if and only 
if all the ends of A are geometrically finite. For each geometrically finite end of 
N = H 3 /G, there is a unique component S of Hq/G which is attached to the end 
e in the Kleinian manifold (H 3 \JHg)/G. In this situation, the conformal structure 
of E is called the conformal structure at infinity of the end e. 

Let S be a closed hyperbolic surface. A geodesic lamination on 5 is a closed 
subset of S consisting of disjoint simple geodesies. The geodesies constituting a 
geodesic lamination are called the leaves. A geodesic lamination endowed with a 
transverse measure on arcs which is invariant by translations along leaves is called 
a measured lamination. (We assume the measure to be non-zero for any arc with 
its interior intersecting the leaves.) The set of measured laminations on S endowed 
with a weak topology with respect to the measures on transverse arcs is denoted 
by AiC(S) and called the measured lamination space of S. The space which we 
obtain by taking the quotient of A4C(S) \ {0}, identifying a measured lamination 
with another obtained by multiplying the transverse measure by a scalar, is called 
the projective measured lamination space and denoted by VA4£(S). We call points 
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in VM.C{S) projective laminations. A measured lamination or a projective lam- 
ination is said to be maximal when it is not a proper sublamination of another 
measured lamination or projective lamination. The underlying geodesic lamination 
of a measured lamination or a projective lamination is called its support. A mea- 
sured lamination or a projective lamination is said to be connected when its support 
is connected as a subset of S. 

Here we shall give a remark on correspondence of our terminology with that as 
was used in Otal [H] and Kleineidam-Souto [53]. There, they defined a geodesic 
lamination or a measured lamination to be arational when its complementary re- 
gions are all simply connected. A measured lamination is arational if and only if 
it is maximal and connected in our sense. They also use the term "minimal lam- 
ination" , which is equivalent to "connected lamination" in the case of measured 
laminations. Arational measured laminations are automatically minimal. 

Thurston defined a natural compactification of the Teichmuller space T(S) whose 
boundary is identified with VAiC(S). (Recall that the Teichmuller space is the 
space of marked conformal structures on S modulo isotopic equivalence. This can 
be regarded as the space of marked hyperbolic structures since there is a one-to-one 
correspondence between the conformal structures and the hyperbolic structures.) 
Let S be the set of isotopy classes of simple closed curves on S. We consider the 
space of non-negative functions from S to R+, denoted by R^, and its projectivisa- 
tion PRf. The Teichmuller space T(S) is embedded into by taking g eT(S) 
to a function whose value at s 6 S is the length of the closed geodesic representing s 
with respect to g. Likewise, the measured lamination space A4C(S) is embedded in 
R+ by taking A to a function whose value at s is i(X, s), where i(A, s) is defined to 
be the infimum of J d/i for the transverse measure fj, of A and a ranging over all the 
simple closed curves representing s. The Thurston compactification coincides with 
the compactification of the image of T(S) in PR5. for these embeddings. Refer to 
Fathi-Laudenbach-Poenaru [20] for more details. 

Let us now consider the situation where a hyperbolic surface S is identified with 
a boundary component of a compact core of C a hyperbolic 3-manifold N . 

Definition 2.1 ((Masur domain)). We define a subset C(S) of the measured lam- 
ination space A4C(S) to be the set of weighted disjoint unions of simple closed 
curves bounding compressing discs in C . Then the Masur domain A4 (S) is defined 

as 

M(S) = {Ae M£(S)\i(\, c) ^ for all c e C(S)}, 

where C(S) denotes the closure of C(S) in M.C(S). Also, we call the image of the 
Masur domain in the projective lamination space the projectivised Masur domain. 

We should note that the definition of the Masur domain in Otal [41] differs from 
the one we gave above in the case when C is a "small compression body" obtained 
as a boundary connected sum of two /-bundles over closed surfaces. This differ- 
ence does not matter in our setting, for we only deal with maximal and connected 
measured laminations in the Masur domain. 

Let (S, m) be a closed hyperbolic surface and N a hyperbolic 3-manifold. A 
continuous map / : S — * N is said to be a pleated surface when 

(1) the length metric on S induced from that on N coincides with that of m, 
and 
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(2) there is a geodesic lamination £ on (S, m) such that both f\£ and f\(S \ £) 
are totally geodesic. 

A geodesic lamination or a measured lamination on S which a pleated surface / 
maps totally geodesically is said to be realised by /. 

With regard to a measured lamination A on a surface S contained in a hyperbolic 
3-manifold N , we say that A is realisable if there is a pleated surface homotopic to 
the inclusion of S realising A, and unrealisable otherwise. 

An ending lamination for an end of a topologically tame 3-manifold is defined 
as follows. Let N be a topologically tame hyperbolic 3-manifold without cusps, 
having a compact core C such that N \ C = dC x R. Let e be a geometrically 
infinite end of N facing a boundary component S of C. Then, as was shown by 
Canary [15], there is a sequence of simple closed curves {cj} on S, whose projective 
classes converge to a projective lamination [A] contained in the projectivised Masur 
domain of S regarded as the boundary component of C, such that there are closed 
geodesies c* homotopic to Cj in N \ C tending to the end e as j — » oo. In this 
situation, the support of A is defined to be the ending lamination of e, and the 
projective lamination [A] or its representative A is said to represent the ending 
lamination of e. It is known that the ending lamination of a topologically tame 
end is unique. (This was proved by Bonahon in the case when C is boundary- 
irreducible. Canary showed that this can be generalised to the case when C may be 
boundary- reducible.) An ending lamination is always unrealisable. Conversely it 
has been proved that if N is an algebraic limit of geometrically finite groups, then 
for a maximal and connected measured lamination A in M.(S) which is unrealisable, 
there is a homeomorphism h of C acting on tt\ (C) as an inner-automorphism such 
that h(X) represents the ending lamination of the end facing S. (See Ohshika [40] 
or Namazi-Souto [33].) We shall not use this fact in the proof of our main theorem. 
Our result using this is given in [40] . 

A compression body is a connected compact 3-manifold V with dV = d e V U diV , 
where we call d e V the exterior boundary, and diV the interior boundary, such 
that no components of diV are spheres and V is obtained by attaching disjoint 1- 
handles to a product neighbourhood of d^V . As an exceptional case, we also regard 
handlebodies as compression bodies whose interior boundaries are empty. The 
exterior boundary d e V consists of only one component, which is compressible. The 
interior boundary diV is incompressible. We do not allow the attached 1-handles 
to be empty, and accordingly, do not regard trivial /-bundles over closed surfaces 
as compression bodies. For a disjoint union of compression bodies, we denote by 
d e and di the union of exterior boundaries and the union of interior boundaries 
respectively. 

Bonahon showed in [5] that for any compact irreducible 3-manifold C, there 
exists a disjoint union V of compression bodies in C, unique up to isotopy, such 
that the exterior boundary d e V is the union of all the compressible components of 
dC, the interior boundary djV lies in IntC, and C \ V is irreducible and boundary- 
irreducible. (When C is boundary-irreducible, we set V to be empty.) Such a union 
of compression bodies is called the characteristic compression body of C . 

For a Kleinian group G, its deformation space, denoted by AH(G), is the set 
of equivalence classes of pairs (r,-0), where if> is a faithful discrete representation 
of G into PSL2C taking parabolic elements of G to parabolic elements, and T its 
image. It should be noted that we allow loxodromic elements of G to be mapped to 
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parabolic elements of T. Two pairs are identified in AH(G) when they are conjugate 
by an element of PSL2C. We endow AH{G) with the quotient topology induced 
from the space of representations of G into PGL 2 C 

A Klcinian group (r, t/j) G AH(G) is called a quasi-conformal deformation of 
G when there exists a quasi-conformal homeomorphism / : 5^ — > S 1 ^ such that 
/7/ _1 = ^(7) for every 7 G G as actions on S^. The subset of AH(G) consisting of 
quasi-conformal deformations of G is denoted by QH(G). It is known that QH{G) 
is an open subset of AH(G) when G is geometrically finite. 

Consider a point m in the Teichmiiller space T(CIq/G). The point m can be 
realised by a quasi-conformal homeomorphism preserving the markings from the 
surface ftc/G with the original marked conformal structure to VLq/G with the 
marked conformal structure m. It is known, by work of Bers, that there exists a 
quasi-conformal homeomorphism on S 2 ^ inducing a quasi-conformal deformation of 
G, whose restriction to SIq induces the quasi-conformal map above. Moreover, such 
a quasi-conformal deformation is uniquely determined as an element in QH(G). 
Therefore, there is a map q : T{Qc/G) — > QH(G) taking m to the corresponding 
quasi-conformal deformation. This map q is known to be a covering map, and is 
called the Ahlfors-Bers map. 

For an isomorphism ip from a Kleinian group G to another Kleinian group T, 
there is a homotopically unique homotopy equivalence from H 3 /G to H 3 /r. Wc 
denote such a homotopy equivalence by the same letter as the isomorphism but in 
the upper case, e.g., for the isomorphism ip. 

An R-tree is a complete metric space in which for any two points, there is a 
unique simple arc connecting them, which is a geodesic. When we say that a group 
G acts on an R-tree T, we mean that for any g G G, there is an isometry g : T — > T 
and the group operation corresponds to the composition of isometries. A group 
action on T is said to have small-edge stabilisers when for every non-trivial arc of 
T, its stabiliser is virtually abelian. 

Let N be a 3-manifold and T an R-tree. (We usually consider the case when N 
is a universal cover of a compact 3-manifold.) A continuous map / : N —> T is said 
to be weakly transverse when every x G M, there is a neighbourhood U = D 2 x I of 
x such that f\D 2 x {t} is constant for every t G I and f\{pt.} x I is monotone in the 
weak sense, i.e., if t lies in [t\, t 2 ] C /, then f(D 2 x {t}) lies in the (closed) segment 
between f(D 2 x {ti}) and /(D 2 x {£2})- For a transverse map / : N — > T, we 
can consider a codimension-1 measured lamination on iV whose support consists of 
points where / is not locally constant, and whose local flow box is exactly D 2 x I- 
neighbourhood as above with the transverse measure equal to the metric induced 
on / from T by /. This lamination is called the the dual lamination of / (or the 
lamination dual to /). 

An arc a in N is said to be monotonically transverse to a lamination L in N 
when it is transverse to leaves and there is no subarc a' : [a,b] — > N of a whose 
endpoints lie on the same leaf of L and a'(a,b) lies in the complement of L, i.e, a 
cannot turn around in the complement and comes back to the same leaf. We say 
that a weakly transverse map / : N — > T is strongly transverse to T if for any arc 
a monotonically transverse to the dual lamination, / o a is monotone in the weak 
sense, i.e., for any t G t 2 ] the point / o a(t) lies on the segment joining / o a(t\) 
and / o a(t 2 ). 
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As is obvious from the definition the difference between weakly transverse maps 
and strongly transverse maps lies in the fact that a weakly transverse map may 
have folds, i.e., there may be a monotonically transverse arc in C which is mapped 
to a non-monotone arc in the R-tree. 

Now consider the situation when C is the universal covering of a 3-manifold C , 
and let G be the covering translation group. Suppose that G acts on an R-tree 
T isometrically. Considering a handle decomposition of C , we can construct an 
equivariant weakly transverse map from C to T. (Refer to Morgan-Shalen 32J . ) 
Then the lamination dual to / projects to a codimension-1 measured lamination in 
C , which we also call the lamination dual to f . 

From the lamination dual to a weakly transverse / above, we can construct an 
R-tree T' by taking the completion of the leaf space, and tt±(C) acts on T" by 
isometries. Nevertheless, this tree T" does not necessarily coincide with the original 
tree T. If / is strongly transverse, there is an isometric embedding from T' to T 
which is equivariant under the action of 7Ti(C). Therefore, if T is assumed to be 
minimal, then the two R-trees coincide in this case. 

3. Some results due to Thurston and Morgan-Shalen 

In this section, we shall present three theorems all of which are essentially due 
to Thurston. The first of them is the following. 

Theorem 3.1. Let G be a freely indecomposable Kleinian group without parabolic 
elements. Let C be a compact core o/H 3 /G. Suppose that we have a sequence 
{(Ti,ipi) £ AH(G)} which does not have a convergent subsequence. 

Then there are a sequence of disjoint unions of essential annuli {A\ U . . . U 
A^} properly embedded in C, whose number k is constant with respect to i, and 
positive weights w\ , . . . , , satisfying the following. The weighted union of annuli 
w I A] U ■ • ■ U wfAf converges to a codimension-1 measured lamination in C. Let 
{fiCi} , {sidi} be sequences of weighted simple closed curves on DC converging to 
measured laminations in A4C(dC). Then, 

length(^ t (r. t c t )) _ wjijAl,^) j h wfi(Af, ng) 

i^oo length(*i(s 4 di)) i^oo wji(Aj, s;di) H h wfi(A^, s t di) 

after taking a subsequence of {(Ti, ifii)} whenever the limit of the right hand does not 
have form of 0/0. Here for a weighted simple closed curve riCi, the length denoted 
by length^i^Ci)) is defined to be rdength(c*) for the closed geodesic c* homotopic 
to ^>i(ci) in H 3 /IV Moreover, if lim^oo w}i(A], rid) + ■ ■ ■ + w^i{A^,rid) > 0, 
then lim^oo length(\I>i(riCi)) = oo. 

Remark 3.2. This theorem does not say that C contains a measured lamination 
geometrically realising the rescaled limit of (I\, cf>i), which is an action of G on an 
R-tree. (The limit in this sense is the same as that in PR 5 , where S denotes the 
set of free homotopy classes of essential closed curves in C and we regard (Ti, tpi) 
as a point there by letting an s-coordinate be the translation length of ipi(s) for 
every s £ S.) The point is that in our conclusion, we only consider weighted simple 
closed curves on dC. We do not claim that the same kind of equality holds for 
every homotopy class of essential closed curves in C. In the corresponding theorem 
stated without proof (Theorem 3.1) in our previous paper [34] . this distinction was 
not made clear, and accordingly the statement was misleading. What was really 
needed there was nothing but Theorem 13.11 above. 
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Actually, there is an example of {(Ti,tpi)} diverging in AH(G) whose rescalcd 
limit cannot be realised by a measured lamination in C. (The author was informed 
that such a phenomenon was first observed by J-P. Otal.) This can be constructed 
as follows. First assume that the characteristic pair of C contains a solid torus 
component V such that dV \ dC consists of more than three open annuli whose 
core curves are homotopic in V to the axis of V . For simplicity, we assume that 
dV \ dC consists of four open annuli, whose closures we denote by Ai, A2, A3, 
and A4 assuming they lie in this order on dV. We can construct a 3-manifold C 
homotopy equivalent to M by pasting C \ V to V by interchanging what was pasted 
to Ai to what was pasted to Ai. Then the natural homotopy equivalence obtained 
by extending the identity map on C \ V is not homotopic to a homeomorphism 
unless there is a symmetry of C \ V interchanging A\ with A2. 

Now, we consider a measured lamination in C consisting of only one essential 
annulus A with the unit weight properly embedded in (V, VndC) separating A2, A3 
from A4,Ai. There is an action of tti(C) on a simplicial tree T corresponding to 
the preimage of B in the universal cover of C . It turns out that this action cannot 
be realised by any measured lamination in C. In fact, any essential annulus in V 
separates in C either what is pasted to A2 1 (under the rule of pasting for C) from 
what is pasted to A3 or what is pasted to A2 from what is pasted to A4 whereas A 
separates neither of them (under the rule of pasting for C") in C . 

On the other hand, this annulus A with unit weight appears obviously as a 
rescaled limit of geometrically finite hyperbolic structure without cusps in IntC". 
Since C is obtained from C by what Canary-McCullough [17] called a primitive 
shuffling, the subspaces, CC(C) in AH(C) consisting of geometrically finite hyper- 
bolic structures without cusps in IntC and CC(C) consisting of those in IntC", 
bump each other, and we can easily see that this rescaled limit is realised as that 
of groups in CC(C) as follows. A sequence of CC(C) whose rescaled Gromov limit 
is A with unit weight is obtained by pinching the conformal structure at infinity 
along two simple closed curves corresponding to the components of dA on dC at 
the same speed. This sequence can be approximated by bumping points of CC{C) 
and CC(C) corresponding to a geometrically finite structure with a Z-cusp. Thus, 
this gives a rescaled limit which cannot be realised by a measured lamination in C. 

We should note that in this example a sequence of weighted annuli having the 
properties of our theorem can be obtained as a disjoint union of two essential annuli 
A' U A" in V C C such that A' separates Ai from the rest of annuli whereas A" 
separates ^3 from the rest, which is constant with respect to i. 

Proof of Theorem \3.1\ Although this theorem is essentially due to Thurston, we 
shall give its proof here since a detailed proof can be found in no references. Here 
we adopt an argument using R-trees based on the results of Morgan-Shalen [32] 
and Skora [45] combined with the efficiency of pleated surfaces proved by Thurston. 
There may be an alternative approach using the results of Thurston in [46j and [47j . 

Since we assumed that G is freely indecomposable, the compact core C of H 3 /G 
is boundary-irreducible. Consider the characteristic pair W of C. (See Jaco-Shalen 
[2"T] and Johannson [55] for the definition of characteristic pair.) Since C is atoroidal 
and has no torus boundary components, each component of its characteristic pair is 
either an /-pair or a solid torus. The characteristic pair has a property that every 
essential annulus can be homotoped (as a pair of maps) into it. If a frontier com- 
ponent of an /-pair in the characteristic pair is homotopic to a frontier component 
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of another component which is a solid tours, then an annulus nomotopic to such 
a frontier component has two ways to be carried by the characteristic pair. In the 
following argument, we always regard such an annulus as being carried by a solid 
torus component. 

We use the following reformulation of Thurston's work by Morgan-Shalen [32 
using R-trees. 

Theorem 1 (Morgan-Shalen). Suppose that {(Ti, ipi)} does not converge in AH(G) 
even after passing to a subsequence. Then there are an action of G on an R-tree T 
with small edge-stabilisers and a weakly transverse G-equivariant map f from the 
universal cover C of C to T with the following conditions. 

(1) There is a sequence of positive real numbers {e^} going to such that 
limj_ >00 6jlength H 3 / r< (V'iM) — l en gth T (7) f or ever "!J 76G, where length T 
denotes the translation length on T. (We say that {(1^,^)} diverges to 
this H-tree action in this situation.) 

(2) The dual lamination L on C of f is carried by an incompressible branched 
surface B. 

(3) The branched surface B, hence also the lamination L, can be properly iso- 
toped into the characteristic pair of C . 

(4) The branched surface B carries only surfaces with Euler number 0. 

To derive Theorem 13.11 from the theorem above, we need to deform the weakly 
transverse map / so that if it is restricted to each boundary component S of C it 
becomes a strongly transverse map to a subtree of T invariant under tti(S). For 
that, first we need to refine Theorem[T]as follows to make it suitable for our purpose. 

Corollary 3.3. Let S be a component of dC , and C the universal cover of C. In 
the situation of Theorem [7J let T$ be the minimal invariant sub-R-tree of T with 
respect to iri(S) regarded as a subgroup ofG. Let S be a component of the preimage 
of S in C which is invariant under iri(S) C G acting as covering translations. 
Then, we can choose f in the conclusion of Theorem [7] so that f\S is a weakly 
transverse map into T$. 

Proof. We first review an outline of the construction of / in the proof of Theorem 
[T] provided that an action of G on an R-tree T as in the theorem was given. (The 
existence of such an action was proved in Morgan-Shalen |31) . Also, there are al- 
ternative proofs by Paulin [43] and Bestvina [4].) First fix a handle decomposition 
of C . We can find a weakly transverse map g : C — > T whose dual lamination A 
on C is normal with respect to the handle decomposition. Let B be a branched 
surface carrying A. We make B incompressible by performing surgery which cor- 
responds to moving g by a homotopy, preserving the condition that B carries the 
dual lamination of g. In this process, we homotope g in neighbourhoods of com- 
pressing discs and discs of contact to compress B, and in a ball bounded by an 
inessential sphere carried by B to remove a spherical part of the boundary. Simi- 
larly we can make B boundary-incompressible by the boundary-compression (along 
either a boundary-compression disc or a semi-disc of contact) and the removal of 
inessential part carrying a boundary-parallel disc. (Although this process needs a 
limit argument, the essence of the operation consists of these two.) Let / be the 
thus modified weakly transverse equi variant map. It turns out that the assumption 
that the action on T has small edge-stabilisers implies that the branched surface B 
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carrying the dual lamination can carry only surfaces with null Euler characteristics. 
By the Jaco-Shalen-Johannson theory, it follows that the dual lamination can be 
isotoped into the characteristic pair then. 

Now we shall see how we can make / satisfy the condition of our corollary. 
In the construction of the weakly transverse map g, it is clear that we can make 
g(S) lie in T§- In the process of the modification of the map, the only part that 
affects the restriction to S is that of boundary-compression, removing semi-discs of 
contact and removing parts carrying a boundary-parallel discs. We can choose a 
boundary-compressing semi-disc A so that its intersection with the dual lamination 
consists of arcs parallel to the arc A \ dC. Then, since in the lift A of A attached 
to S, every point has a point on S with the same image by g in T, we see that A 
is mapped into Ts- Therefore, after the boundary-compression, S remains to be 
mapped into T$. If the limit is taken within the maps with this property, the limit 
map has the same property. The same argument applies to semi-discs of contact 
which intersect the dual lamination. (If it is disjoint from the dual lamination, we 
can remove it without changing the weakly transverse map.) It is easy to see that 
removing a part carrying a boundary-parallel disc does not change the condition 
that S is mapped into T$ since a lift D of such a disc can be taken to be mapped 
into Ts and the resulting map takes the disc on S parallel to D to the image of 

d. a 

Lemma 3.4. We can homotope f equivariantly only in neighbourhoods of the 
preimages of the compact leaves of L\dC so that for every component S of dC 
with L H S =/= 0, the restriction f\S is a strongly transverse map onto Ts, hence 
induces an isomorphism, i.e., an isometry from the R-tree obtained as the com- 
pletion of the leaf space of the measured lamination dual to f\S, to Ts which is 
equivariant under the action ofni(S). (If S is disjoint from L, then Ts consists of 
only one point and f maps S to the point.) This process corresponds to identifying 
or removing some of the compact leaves of L\dC . For the thus obtained transverse 
map f, the condition of Theorem]]] remains valid. 

Proof. Let 5 be a component of dC with L n S ^ 0. For a weakly transverse 
map /, we denote the lamination on S dual to f\S by A/ and that on S by A/. 
By Proposition 3.1 in Skora [45] . if f\S does not fold at an edge point, then f\S 
is strongly transverse to Ts, hence induces an isomorphism between the action of 
7Ti (S) on the R-tree obtained from the completion of the leaf space of the lamination 
A/ and the one on Ts which is the restriction of the given action on T. Furthermore, 
if an edge point x corresponds to (a lift of) a leaf of minimal component which is 
not a closed leaf, then f\S cannot fold at x since the leaf containing x is dense in 
the minimal component. (This means that if y does not lie on a boundary leaf, for 
a short arc I transverse to the lamination at y, the map f\I is monotone.) 

Suppose now that x corresponds to (a lift of) a compact leaf of A/. Note that 
the dual lamination A/ may have parallel compact leaves which correspond to one 
compact leaf as a geodesic lamination. Consider all the leaves of A/ that are parallel 
to the one corresponding to x. Let A be the smallest annulus on S containing all 
these leaves. Then both components of dA are also leaves. Let A be a lift of A in S. 
Take points a, b on dA, one on each boundary component. Let d be dr(f(a), /(&))• 
If d > 0, then we can homotope / equivariantly only within the translates of A in 
such a way that f\A becomes monotone in the transverse direction and the total 



GEOMETRICALLY INFINITE GROUPS 



13 



transverse measure of the leaves in A induced by / is equal to d. If d = 0, we can 
homotope / similarly within the translates of A and remove all the leaves in the 
translates of A from the dual lamination. By repeating this operation for every 
compact leaf, we can make / not fold at an edge point. Thus we have shown, by 
Skora's Proposition 3.1, we can homotope / so that f\S is a strongly transverse 
map to Tg. The map is surjective since we assumed Tg to be minimal. 

In each step of this operation, the codimension-one measured lamination of C 
dual to this new / may change. By this operation, some leaves which are annuli 
contained in a component V of the characteristic pair are glued to other annuli in 
another component V and are pushed into the interior to form new annular leaves. 
If these annuli are essential, then they are carried by the characteristic pair, and 
the conditions in Theorem [T] are satisfied. If they are inessential, i.e., boundary- 
parallel, then we can further homotope / and remove these leaves as before. We 
perform this modification of / for each component of dC . Thus we have shown 
that the dual lamination of / satisfies the conditions in Theorem [T] □ 



Having proved the lemma above, we can prove Theorem 13.11 as follows. Let 
{fiCi} , {sidi} be sequences of weighted simple closed curves on dC as were given 
in the statement of the theorem. Let Si^S 2 be components on which {rjCj} and 
{■Sidi} lie respectively, and A and fi measured laminations to which {rjCj} and {sidi} 
converge respectively. 

At this point, we need another result by Thurston. Let S be a component of dC. 
Then, Theorem 3.3 of Thurston [46) shows that there are a continuous function 
K : MC(S) — > R independent of % and a pleated surface fi : (5, mf) — * H 3 /r.; 
homotopic to ^>i\S for each i, such that for any A 6 MC(S), 

(1) length H 3 /r .(*i(A)) < length m? (A) < length H 3 /r4 (*i(A)) + K(X). 

This inequality is called the efficiency of pleated surfaces. It should be noted 
that this efficiency necessitates the assumption that the surface is incompressible, 
which is true in our case because C is boundary-irreducible. In the inequality, 
length H 3 , Ti (^>i(X)) means, when A is connected, the length of a realisation of A by 
a pleated surface homotopic to ^ if it is realisable by such a pleated surface, and 
is set to be if it is not. When A is disconnected, the length is defined to be the 
sum of the lengths of its components. 

Now, suppose first that both Si and S 2 intersect L. Lemma 13.41 implies that 
{m i 3 } converges to a projective lamination represented by L n Sj for j = 1, 2 in the 
Thurston compactification of the Teichmiiller space. (See Skora [45j and Otal [42].) 
Take simple closed curves 7 on Si and 6 on S2 both intersecting L essentially. As 
was shown in Expose 8 of Fathi-Laudenbach-Poenaru , this implies that 

length Sl (na) i(LnSi,nci) 

lim — — '- — = hm — — r—, 

i^oo length m s 1 (7) i->oo i(_LriDi,7) 

and 

lengthy i(LC\S 2 ,s l d l ) 
lim — — l - — = hm 



length s 2 (S) f-> 00 i(Ln S 2 ,5) 
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Using the efficiency of pleated surfaces (p}, we have 

, Iength H 8/ ri (*i(r<Ci)) , lengthy (»•«*) 

hm — - — = hm — — '- — 

i^oo length H 3 /r .(V 4 (7)) i^oo length mSl (7) 

and 

l6Ugth H » /ri lengthy 

hm — = hm — — '- 77^—- 

i—00 length H 3/ ri (Wj(dj) i^oo length m s 2 (d) 

On the other hand, by Theorem [l] there is a sequence of positive numbers 
going to such that for every g G G , we have that edength H 3/ r . (V'i(ff)) 
converges to the translation length of g in T. Therefore, for the simple closed 
curve 7 as above, we have lim^oo eilength H3 / r . (^(7)) = length T (7) and by 
Lemma 13.41 this is equal to 1(7, L PI Si) since 7 lies on dC. Similarly, 
limj_, 00 eilength H 3 /r 4 {ipi($)) — i(S,L PI 52)- Combining these with the equations 
above, we see that lim^oo edength H3 / r . (^(rjCj)) = lim^oo i(rjCj, L) and 
lim^oo eJength H 3/ r . (^(s^)) = lim^oo i(sidi, L n S2). Thus we have proved 
that 

length H3/r . (Viinci)) i(r lCl ,L) 
hm -, — -, — r^r- = lim — -. 

i^oo lcngth H 3/ r . (W^Sjdi)) i^oo i{s l d l ,L) 

Since L is a codimension-1 measured lamination which is a limit of a disjoint 
union of weighted essential annuli by Theorem [1] we get the equality in the conclu- 
sion of our theorem under the assumption that both Si and S2 intersect L. Since 
ej — > and lim^oo eilength H3 /r i ( i &i(' r i c i)) — um i^oo i(fiCi, L), we also obtain the 
last sentence of the conclusion. (This is true even when S2 is disjoint from L.) 

Next suppose that one of Si, 52, say Si, is disjoint from L. (We do not need to 
consider the case when both of Si, S2 are disjoint from L, for the right hand limit has 
the form 0/0 then.) Then, each component of the preimage of Si in C is mapped to 
a point by /. Let r be a train track carrying both A and the cj for large i. Then every 
component of the preimage of r is mapped to a point by /. By regarding the Cj as ly- 
ing on r as a C 1 -curve, and pulling back the image of its preimage to H 3 /Li rescaled 
by ei, we have edength H3 / r . (tpi(riCi)) — > 0. (Compare with the argument in the 
chapitre 3 of Otal [42] .) Since we are not considering the case when the limit in the 
right hand side has the form 0/0, we can assume that lirn^oc i(sjdj, L) > 0. Then 
by the argument above, hmj_ >00 edength H3 / r . (^i(sidi)) = limj_ ) . 00 i(sidi, L) > 0. 
Thus we have shown that both of the limits 

length H3/r4 (*i(riCj)) i{r lCl ,L) 
hm — — ; — p-- and hm — — - — — 

i^oo lcngth H 3 /r .(w i (s l d i )) t^oo i[Sidi,L) 

are equal to and that the equality holds. □ 

The following theorem appeared in Thurston [46] as Theorem 2.2, whose proof 
can be found in the argument of Thurston [48] . 

Theorem 3.5 (Thurston). Let 5 be a closed surface of genus greater than 1. Let 
{mi} be a sequence in the Teichmiiller space T{S), which converges to a projective 
lamination [A] (represented by a measured lamination X) in the Thurston compact- 
ification ofT(S). Then there is a sequence of weighted simple closed curves {wiji} 
converging to the measured lamination A such that length^,. (t«i7i) — » as i — > 00. 
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For a Kleinian group G, and a boundary component S of a compact core C of 
H 3 /G, we define the length function I : M{S) X AH(G) -> R as follows. 

(1) For (r, ip) £ AH(G), when A can be realised by a pleated surface homotopic 
to ^\S, we set £(X, (T, tp)) to be the length of A on the pleated surface. (It 
is known that the length does not depend on the choice of pleated surface 
realising A.) 

(2) When A is connected and there is no pleated surface homotopic to ^>\S 
realising A, we set £(X, (r, ip)) to be 0. 

(3) When A is disconnected and is not realised, then we define £(X, (T,ip)) to 
be the sum of the £(Xj, (T,ip)) for the components Xj of A. 

The continuity of £ was first announced in Thurston [46] in the case when S 
is incompressible. In the subset consisting of maximal and connected laminations 
in MC(S) (for incompressible S) its proof was given in Ohshika [35] based on 
Bonahon's work in [6]. Brock [7] gave a proof for the continuity of £ in the entire 
set AiC(S) x AH(G) still in the case when S is incompressible. The following 
theorem is a weak form of the continuity of £ in the general case where S may be 
compressible. We can prove this using Bonahon's technique generalised in [39] . We 
shall sketch a proof in the appendix. 

Theorem 3.6. Let {(Gi,(j)i)} G AH(G) be a sequence converging to (T,ip), and Xi 
measured laminations in M(S) converging to a maximal and connected measured 
lamination /i € A4(S). Suppose that £{Xi, (Gi,4>i)) converges to as i — > oo. Then 
there is no pleated surface homotopic to ^\S realising [i in H 3 /T. 

4. Convergence theorem 

The key step of the proof of Theorem 11.11 is to give a sufficient condition for 
a sequence of quasi-conformal deformations to converge in the deformation space 
AH(G), which is formulated as follows. 

Theorem 4.1. Let G be a geometrically finite Kleinian group without parabolic 
elements, which is not a quasi- Fuchsian group. Let M be a compact 3-manifold 
(Kleinian manifold) whose interior is identified homeomorphically with H 3 /G, and 
Si, ... , S m its boundary components. Let Xj t , . . . , Xj p be maximal and connected 
measured laminations on boundary components Sj 1 , . . . , Sj p among Si , . . . , S m , which 
are contained in the Masur domain. (We regard the Masur domain for an incom- 
pressible surface as the entire measured lamination space.) Consider a sequence 
of quasi-conformal deformations {{Gi,4>i)} of G induced from conformal structures 
at infinity g\ , . . . , g % m on Si, ... , S m such that {g % j n } converges as i — * oo in the 
Thurston compactification of the Teichmuller space to the projective lamination 
[Xj n ] for n = 1, . . . ,p, and for the rest of k — 1, . . . , m, the sequence {g l k } stays in 
a compact set of the Teichmuller space. Then {(Gi,4>i)} converges in AH(G) after 
passing to a subsequence. 

In the special case when G is a function group, this theorem was proved by 
Kleineidam and Souto in [23] . 

Theorem 4.2 (Kleineidam-Souto). Let G be a geometrically finite Kleinian group 
without parabolic elements such that H 3 /G is homeomorphic to the interior of a 
compression body V . Let S be the exterior boundary of V , and {nii} a sequence 
in the Teichmuller space T(S) which converges in the Thurston compactification 
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of T{S) to a maximal and connected projective lamination contained in the projec- 
tivised Masur domain. Let {ni} be any sequence in the Teichmuller space T(diV). 
Let (Gi,<pi) be a quasi- conformal deformation of G which is given as the image by 
the Ahlfors-Bers map o/(m,,ni) £ 1~(S) x T(diV). Then {(Gi,<f>i)} converges in 
AH(G) after passing to a subsequence. 

On the other hand, in |35j . we proved a convergence theorem similar to Theorem 
14.11 in a more general setting for freely indecomposable Kleinian groups, which im- 
plies, in particular, Theorem l4.1l in the case when G is freely indecomposable. (This 
was based on Thurston's theorem which is the same as Theorem 13. II in the present 
paper.) Note that the assumption in Theorem 14.11 that measured laminations are 
contained in the Masur domains is void in this case. This theorem in [35] also covers 
the case when G is a quasi-Fuchsian group with the following extra assumption: In 
the case when G is a quasi-Fuchsian group corresponding to an orientable surface 
and p = 2, we further assume that the supports of two measured laminations Ai 
and A2 are not homotopic in M. We shall explain how to deal with quasi-Fuchsian 
groups corresponding to non-orientable surfaces later in §5. 

Our argument to prove Theorem H3] is basically as follows. First we shall apply 
the Theorems 13.11 and 14.21 to subgroups of G corresponding to each component of 
the characteristic compression body of C and the complement of the characteristic 
compression body. Then we shall regard the group G as constructed by gluing 
these convergent groups, and show the entire group converges by analysing the 
group corresponding to the gluing surfaces. 

Now, we start the proof. Let C be a convex core of H 3 /G, which is also a compact 
core since G is geometrically finite and has no parabolic elements. Because of the 
existence of the "nearest point retraction" from M to G (refer to Morgan [3D]), there 
is a homeomorphism from C to M isotopic to the inclusion, which is the homotopical 
inverse of the nearest point retraction. We call this homeomorphism the natural 
homeomorphism from C to M. Let V be the characteristic compression body of G, 
and Vi, . . . , V„ its components. Let G Vk be a subgroup of G corresponding to the 
image of wi(Vk) in m(M) = G. The quasi-conformal deformation (Gi,<f>i) induces 
that of G Vh , which we denote by (G^*, <j>i\G Vh ), where G^ h is nothing other than 

The first step of the proof is to show that {(Gf fc , & \G Vk )} converges in AH (G Vk ). 

Lemma 4.3. The sequence {(G i k , (f>i\G Vk )} converges in AH(G Vk ) after passing 
to a subsequence. 

Proof. The compression body Vk lifts homeomorphically to a compact core Vk of 
H 3 /G Vfc . Since G Vk is geometrically finite and has no parabolic elements, the 
hyperbolic 3-manifold H 3 /G Vfc is homeomorphic to the interior of a compact 3- 
manifold V fc ', which is obtained as a Kleinian manifold (H 3 U il G v k )/G Vk . The 
natural homeomorphism maps Vk homeomorphically to VI. Let S be the exterior 
boundary of V£. Then we can identify S with a boundary component Sj of M 
via the corresponding surfaces on the boundaries of Vk and Vk- Recall that in 
Theorem I4z.ll a marked conformal structure g* was given on Sj . We regard this 
as a marked conformal structure on S by the identification given above. Then the 
quasi-conformal deformation (G i k ,ipi\G Vk ) is the image of (<?j, hi) G T(S)y.T(diV k r ) 
by the Ahlfors-Bers map for some hi S TipiVl). 
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By assumption, either converges in the Thurston compactification of the 
Teichmiiller space to a maximal and connected projective lamination, which is 
contained in the projectivised Masur domain, or stays in a compact set of the 
Teichmiiller space. In the former case, we can see that {(G^, (f>i\G Vk )} converges 
after taking a subsequence by Theorem 14.21 In the latter case, by Theorem 2.1 
in Canary [14], for every element 7 6 G Vk represented by a closed curve on S, 
the translation length of ^(7) is bounded as i —> 00. Since G Vk = 7ri(V^) is 
carried by 7Ti(S'), this implies that {(Gf fc , cj>i\G Vk )} converges after passing to a 
subsequence. □ 

Let (T Vk , ip Vk ) be the algebraic limit of a convergent subsequence of 
{(G i k , </>i \G Vk )}. Recall that the closure of the complement of V in C is a boundary- 
irreducible 3-manifold, which we shall denote by W. 

We note that the compact core C of H 3 /G can be constructed from the com- 
ponents of W and the components of V by pasting them along incompressible 
boundary components. If we allow ourselves to paste two boundary components 
of V each other, then we can ignore the components of W which are product I- 
bundlcs over closed surfaces. For, the homeomorphism type does not change by 
gluing such a component one of whose boundary components does not lie on diV, 
and we can realise the same manifold by pasting two boundary components of V if 
such a component has both boundary components on diV. 

Let W\ , . . . , W m be the components of W which are not product /-bundles over 
closed surfaces. For each Wj, we define G Wj to be a subgroup of G corresponding 
to the image of iri(Wj) in 7Ti(C) = G. Then Wj can be lifted homeomorphically to 
a compact core W 3 of H 3 /G^. Let (G, ^ <j>i\G w *) be the quasi-conformal defor- 
mation of G Wj induced from (Gi,(f>i). We denote by <^Y 3 a homotopy equivalence 
from H 3 /G w ' to H 3 /Gf J corresponding to 4>i\G w ' . 

Lemma 4.4. The sequence {(Gf^ , 4>i\G Wj )} converges in AH(G Wj ) after passing 
to a subsequence. 

Proof. Suppose that {(G^ 3 , (t>i\G Wj )} does not have a convergent subsequence. 
Then, there are a boundary component T of Wj and disjoint unions of essential 
annuli A\ , . . . , A\ properly embedded in Wj with weights wj , . . . , w\ for each i as 
in Theorem 13. 1[ such that (w\A\ U • • ■ U w\A\) n T, regarded as an element of 
A4C(T), converges to a (non-empty) measured lamination /1 on T as i — > 00. (In 
other words, we arc considering T which intersects the codimension-1 lamination L 
which appeared in the proof of Theorem l3.H The measured lamination /i is nothing 
but LOT.) Let T be the image of T in Wj under the covering projection. The 
surface T is either contained in dC or an interior boundary component of some 
component Vk of V . 

First consider the case when T is contained in dC . Recall that in the situation 
of Theorem 14. 1[ we are given a sequence of marked conformal structures {gi} on 
T if we identify C with M by the natural homeomorphism. This gi is regarded as 
a point in T(T) by identifying T with T. By assumption, {(/;} either stays in a 
compact set of T(T) or converges in the Thurston compactification to a maximal 
and connected projective lamination [A] on T. Suppose first that the former is the 
case. Let c be an essential simple closed curve on T such that i(c, /1) > 0. The 
length of the closed geodesic freely homotopic to ^ i 3 (c) is bounded as i — > 00 by 
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Sullivan's theorem (see Epstein-Marden [19] for the proof) since the geodesic length 
of c with respect to gi is bounded as i — ► oo. This contradicts the last sentence of 
the conclusion of Theorem 13.11 asserting that the length of such a closed geodesic 
goes to infinity as i — > oo. 

Next suppose that the latter is the case. Then, by Theorem 13.51 there exist 
a sequence of simple closed curves {ci} and positive real numbers {ri} such that 
{riCi} converges to A and r*j lengthy (cj) — > 0. Let c* be the closed geodesic in 

H 3 /gJ Vj freely homotopic to $J^ J (ci). Again by Sullivan's theorem proved by 
Epstein-Marden [TI5], this implies that r,length(c*) — > 0. By applying Theorem l3.ll 
to G Wj , we see that this is possible only when i(^,X) — 0. Since A is assumed to 
be maximal and connected, the supports of A and /i coincide; hence in particular 
/i is also maximal and connected. (Here the assumption that A is maximal and 
connected is crucial.) Since n is the limit of (wjAj\J. . .UwlAfynT , this happens only 
when the characteristic pair of Wj is an /-bundle over a closed surface, coinciding 
with the entire Wj. Since we are considering the case when T is a boundary 
component of G, the component Wj = Wj can be a twisted /-bundle only when 
C = Wj. This is the case when G is a quasi- Fuchsian group corresponding to a 
non-orientable surface, which we are excluding by assumption now. As we assumed 
that Wj is not a product /-bundle over a closed surface, Wj cannot be a product 
/-bundle either. Thus, in either case, we are lead to a contradiction. 

Next we consider the case when T is an interior boundary component of a 
component Vt of V. Since T intersects the limit L of w\A\ U • • • U w\A\ essen- 
tially, it contains a simple closed curve c intersecting L essentially. The translation 
length of 4>i{c) goes to infinity by Theorem 13. II Then we see that for a subgroup 
G T of G Wj associated to the image of iti(T) in ni(Wj) C tti(C), the sequence 
{((j>i(G T ), <fii\G T )} cannot converge as i — > oo even if we take a subsequence. Since 
there is a conjugate of 4>i{G T ) contained in GY k , this contradicts Lemma FOl □ 

Let C\ and be two compact submanifolds of G, whose inclusions induce 
monomorphisms between the fundamental groups, such that C\ nC*2 is a connected 
closed surface T which is incompressible in C . Let G 1 be a subgroup of G cor- 
responding to the image of 7Ti(Ci) in 7Ti(C) = G, and G 2 one corresponding to 
the image of ir\{C2). Taking a conjugate of G 2 , we can assume that G 1 (~l G 2 is a 
subgroup of G corresponding to the image of tti(T) in 7Ti(C) = G. Let G 1 be a sub- 
group of G obtained as the amalgamated free product of G 1 and G 2 over G 1 D G 2 . 
Suppose that the two sequences of quasi-conformal deformations {(^(G 1 ), ^IG 1 )} 
and {((f)i(G 2 ),4>i\G 2 )} converge algebraically after passing to subsequences. 

Lemma 4.5. In this situation, the sequence of quasi-conformal deformations {(</>£ (G'), <fii\G')} 
also converges in AH(G') after passing to a subsequence. 

Proof. Since we have only to prove the existence of convergent subsequence, we 
shall take a subsequence each time it is necessary in the proof without mentioning 
it. Since {(^(G 1 ), ^jG 1 )} converges in AH(G 1 ), by taking conjugates, we can 
assume that the sequence of representations {^jG 1 } converges. It is sufficient to 
prove that {4>i\G'} also converges then. 

Since {(0i(G 2 ), <fii\G 2 )} also converges, there are elements U 6 PSL2C such that 
{tiifalG 2 )^ 1 } converges. As G 1 n G 2 is isomorphic to m(T) and {^(G 1 n G 2 )} 
converges to a Kleinian group, we can choose elements 7, 5 G G 1 n G 2 such that 
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both {<pi(j)} and converge to loxodromic elements, which do not commute 

each other. We should note here that {Ufad)^ 1 } and {t^0i((5)t~ 1 } also converge 
to loxodromic elements of PSX 2 C. This is possible only when {ti} converges to an 
element of PSL2C, as we can easily see the moves under tj of the fixed points on 
of ^(7) and 4>i(S). Therefore, we see that {0i|G 2 } also converges as representations. 
Since G' is generated by G 1 and G 2 , it follows that {<pi\G'} also converges. □ 

Next consider a submanifold Co in C whose inclusion induces a monomorphism 
between the fundamental groups, and two of whose boundary components are par- 
allel in C. Let C be the submanifold of C obtained by pasting the two parallel 
boundary components of Co- Let G c ° be a subgroup of G corresponding to the 
image of tti(Cq) in tt\(C) = G. Then a subgroup G c corresponding to the image of 
7Ti(C) in tti(C) = G is obtained as an HNN-extension of G c ° over a subgroup cor- 
responding to the fundamental group of one of the parallel boundary components 
of Co- Consider quasi-conformal deformations {(4>i{G c ),(j)i\G c )} of G c . 

Lemma 4.6. Suppose that the sequence {(<fii(G c °), <j>i\G c °)} converges in 
AH(G C °). Then the sequence {(</>,:(G c '), (j) t \G c> ')} also converges in AH(G C ') after 
passing to a subsequence. 

Proof. Let T\ and Ti be boundary components of Go which are parallel in G and 
pasted each other in G'. We regard the fundamental groups 7Ti(Ti) and T^iiTi) as 
contained in 7ri(Co) by connecting a basepoint in Go to Ti, T2 by arcs in Go- Then, 
the fundamental group 7ri(C') is generated by 7ri(Co) and an element t G 7Ti(C) 
such that the conjugation by t gives an isomorphism from 7ri(Ti) to 1x1(^2) regarded 
as contained in 7Ti(C'). Let G Tl and G Ta be the subgroups of G corresponding 
to 7Ti(Ti) and 7Ti(T2) respectively, and we use the same symbol t to denote the 
element of G c corresponding to t 6 tti{C'). By assumption, {tfii\G Co } can be 
made to converge by taking conjugates; hence in particular {<pi\G Tl } and {4>i\G T2 } 
converge. Since G Tl contains two elements both mapped to loxodromic elements, 
which do not commute each other, by the same argument as in Lemma 14.51 we 
see that {4>i{t)} must also converge. Thus, we have proved that {4>i\G °} also 
converges. □ 

Hence, if neither V nor W is empty, starting from quasi-conformal deforma- 
tions of subgroups of G corresponding to components V and non-product-i-bundlc 
components of W, for which the convergence of the corresponding subgroups was 
proved in Lemmata 14.31 14. A\ and using the argument above repeatedly, we see that 
{(Gi,cf>i)} converges in AH(G) after taking a subsequence. For the case when V 
or W is empty, Theorem 14.21 above and Theorem 2.1 in [35] imply Theorem 14.11 
Thus, we have completed the proof of Theorem 14. II 

5. Proof of the main theorem 

For a geometrically finite group G without parabolic elements and measured 
laminations Xj 1 , . . . , Xj p as given in Theorem 1 1.11 wc construct a sequence of quasi- 
conformal deformations {(Gi, (pi)} of G as follows. Let Si,..., S m be the boundary 
components of the compactification M of H 3 /G, as in the statement of the theorem. 
For each Sj k among the boundary components Sj t , . . . , Sj on which measured lam- 
inations Xj k are given, consider a sequence of marked conformal structures {g) k } on 
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Sj k which converges to the projective lamination [Xj h ] in the Thurston compactifica- 
tion of the Teichmullcr space. For the remaining boundary components Si t , . . . Si , 
we define marked conformal structures . . . g\ to be the given marked conformal 
structures m\, . . . , m q in the statement, which are constant with respect to i. Let 
q : T(dM) — > QH{G) be the Ahlfors-Bers map. We define a quasi-conformal de- 
formation (Gi, 4>i) to be q(g\, . ■ . , for the marked conformal structures defined 
above. 

By Theorem 14. 1| this sequence {(Gi, (pi)} converges to a Kleinian group (T, ip) in 
AH(G) passing to a subsequence provided that Gi is not quasi-Fuchsian. When Gi 
is quasi-Fuchsian, if the corresponding closed surface is orientable, we can obtain the 
same result making use of Theorem 2.4 in [35], instead of Theorem 14. II (Actually 
this can be proved by the argument of Thurston's double limit theorem [46.) 

Suppose that G is a quasi-Fuchsian group isomorphic to ni(S') for a non- 
orientable surface 5". Then C is a twisted /-bundle over S'. By Theorem 13. 11 there 
exists a sequence of weighted unions of essential annuli w\A\ U • • • U w\A\ for which 
the conclusion of the theorem holds; i.e., the limit of w\A\ U ■ • ■ Y\w\A\ describes the 
behaviour of the three-dimensional geodesic lengths of closed curves on the bound- 
ary. Since dC is identified with Sj 1 , consider the limit of Sj 1 fl (wjAj U • • • U w^A^) 
in the measured lamination space and denote it by /i. Then obviously fi is a lift 
of a measured lamination which represents S' D (w\A\ U • • • U wfA^) if we identify 
S' with its cross section embedded in C. Since Xj 1 is maximal and connected, it 
has non-trivial intersection with any measured lamination except for those with the 
same supports as Xj t . By assumption, A 3l is not a lift of a measured lamination on 
5"; hence its support is different from that of /x. Therefore we have i(Xj 1 ,fx) > 0. 
This implies that if a sequence of weighted simple closed curves {wiji} converges to 
Xj ± , then we have mdength H 3 /<3 < (^i(7i)) —> oo by Theorem l3.il By Sullivan's the- 
orem proved in 19J, this leads to Wi length « (7J — > 00, which contradicts Theorem 

13.51 Thus we see that {(Gi, 4>j)} converges also in this case. 

Thus, in every case, we have a limit (r, 0) of {(Gj, after taking a subse- 
quence. Let C be the convex core of H 3 /G as before. Let W : H 3 /G — > H 3 /r be 
a homotopy equivalence inducing the isomorphism ip between 7T!(H 3 /G) = G and 
7r 1 (H 3 /r) = r, following our convention of the notation. To complete the proof of 
Theorem ll.il it is sufficient to prove the following proposition. 

Proposition 5.1. Regard S\, . . . , S m also as the boundary components of C iden- 
tifying C with M by the natural homeomorphism, and let C' be a compact core of 
H 3 /r. Then the restriction of the homotopy equivalence \&|G can be homotoped to 
a homeomorphism h : C — > C' , and the following hold. 

(1) For each k = 1, . . . ,p, the lamination h(Xj k ) is unrealisable in H 3 /r. Hence 
in particular T is geometrically infinite. 

(2) Unless G is free, T has no parabolic elements and Tj k = h(Sj k ) faces a 
geometrically infinite and topologically tame end. 

(3) For each of the remaining components, Si k , k — l,...,q, the end facing 
h(Si k ) is geometrically finite. 

(4) r is topologically tame. 

Therefore, in particular, H 3 /r is compactified to a 3-manifold M' , which is 
homeomorphic to C' . The homeomorphism h extends to a homeomorphism h : M — > 
M' , and the corresponding conformal structure at infinity on h(Si k ) is h*(mk). 
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Proof of Proposition I5.il Let a be the shortest simple closed geodesic with respect 
to the hyperbolic structure on {Sj k ,g l j k ). By the compactness of 
VA4C(S), passing to a subsequence, there is a sequence of positive real numbers 
fj such that {rjCj} converges to a measured lamination /i. Obviously we can as- 
sume that either — > 0, or r, is constant and /i is a simple closed curve, by 
taking a subsequence. Since Cj is the shortest simple closed geodesic, length > (c,) 

is bounded above independently of i. If i(Xj k ,fi) > 0, then by a well-known fact 
about the Thurston compactification (see expose 8 of [20J for instance), we have 
fjlengthgi (cj) — > oo, and we get a contradiction. Therefore i(Xj k ,fx) = 0, which 
implies the supports of Xj k and fi coincide by the assumption that Xj k is maximal 
and connected. In particular we see that fi is not a simple closed curve, hence 
ri — > 0, and that /i is contained in A4(Sj k ). 

On the other hand, since the length of a with respect to g^ h is bounded above as 
i — ► oo, its extremal length is also bounded above, and by Corollary 2 in Maskit [26] . 
we see that {length H3 / G . ($i(cj))} is bounded; hence rJength H 3/ G . ($i(c,)) — > as 
i — > oo. By Theorem 13.61 it follows that /i cannot be realised by a pleated surface 
homotopic to ^S\Sj k . (Recall that \x is maximal and connected.) Since Xj k has 
the same support as /z, the measured lamination Xj k cannot be realised by such 
a pleated surface either. Therefore once we can show $|C is homotoped to a 
homeomorphism, (1) will follow. 

Now assume that G is not free. Consider a subgroup r Sj fc of T corresponding to 
( 1 ^\Sj k )^ni(Sj k ) in 7Ti(H 3 /r) = T, where # denotes the induced homomorphism. 
Let Co. be a compact core of H 3 /P s '« . The map $\Sj k can be lifted to a map 

f : Sj k — > H 3 /L Si fc . Since the measured lamination A Jf! cannot be realised by 
a pleated surface homotopic to &\Sj k , it cannot be realised by a pleated surface 
homotopic to / either. Therefore, as was shown in [41], there are pleated surfaces 
fn '■ Sjk ~ * H 3 /L Sj i- homotopic to /, which realise weighted simple closed curves 
in the Masur domain converging to Xj kl and tend to an end e as n — > oo. By 
Theorem 4.1 in [39] . this implies that the end e is geometrically infinite and has a 
neighbourhood E homeomorphic toSxR such that / is homotopic (in H 3 /L Sj <= ) to 
a covering map onto E x {t}. By cutting H 3 /L Sj fc along S x {t}, and applying the 
relative core theorem due to McCullough [27], we can see that there is a compact 
core K containing E x {t} as a boundary component. The uniqueness of core implies 
that there is a homeomorphism between the cores K and C' s . , which induces an 

inner-automorphism of 7ri(H. 3 /T Sj k ). In particular, there must be a boundary 
component T of C' s . which is homeomorphic to E, and is homotopic to E x {t} in 

H 3 /r 5 « . Then, since the fundamental group of T carries a conjugate of the image 
of TTi{f(Sj h )), which must be equal to the entire ^i(C Sj ), this can occur only when 

C' s . is a compression body, and T is homeomorphic to Sj k . Thus, we see that E 

is homeomorphic to Sj k x R in such a way that f(Sj k ) is homotopic in H 3 /L Sj fc to 
the surface corresponding to Sj k x {t}. 

Let p : H 3 /r Sj fc — > H 3 /r be the covering map associated to the inclusion 
Y Sj k c T. The covering theorem of Canary [16], which is a generalisation of 
Thurston's covering theorem, implies that we can take a neighbourhood E of e 
homeomorphic to Sj h x R as above so that p\E is a finite-sheeted covering to its 
image; a neighbourhood E of an end e of H 3 /r, which is homeomorphic to S x R 
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for a closed surface S in such a way that p\S x {t} covers £ x {t}. By the same 
argument as above, we can see that there is a boundary component of the compact 
core C, which is homotopic to E x {t}. This also implies that the end e is geomet- 
rically infinite, topologically tame, and contains no cusps. This will show (2) once 
$|C is shown to be homotopic to a homeomorphism to C . 

Thus, unless G is free, we have shown that for each Sj k among Sj 1 , . . . , Sj , 
the homotopy equivalence ^ can be homotoped so that ^\Sj k is a finite-sheeted 
covering onto a boundary component of the compact core C . 

Next we consider a boundary component Si k on which we fixed a conformal 
structure to construct (Gi, </>j). As before, we let G ** be a subgroup of G corre- 
sponding to the image of Ki(Si h ) in 7ri(H 3 /G) = G. There is a unique component 
Si k of U,g/G which lies at infinity of the end facing Si k in the Kleinian manifold 
(H 3 U VLq)/G. Let f2o be a component of flc invariant by G Si k , which is a lift 
of Si k in flc- Let fi : — > be a quasi-conformal homeomorphism inducing 
the quasi-conformal deformation (Gi,<pi). Then /i|fio is conformal for all i. As 
was shown in Lemma 3 in Abikoff pQ , this implies that there is a component fl' of 
the region of discontinuity Or, which is invariant by 4 } {G Sik ), such that flo/G is 
conformal to Oq/L preserving the markings. (Here the markings make sense only 
up to the ambiguity caused by auto-homeomorphisms of the boundaries of Kleinian 
manifolds which are homotopic to the identity in the Kleinian manifolds.) Let S[ 
be a boundary component of C facing the end which corresponds to £l' Q /ij){G Si k ). 
Then S[ k faces a geometrically finite end, whose corresponding marked conformal 
structure at infinity is with the marking determined by ^\Si k , and ^\Si k is 
homotopic to a homeomorphism onto S[ via the natural homeomorphism and the 
nearest point retraction. 

Combining this with the preceding argument, we see that we can homotope W 
so that each boundary component of C is mapped to a boundary component of C 
unless G is free. As C is a compact core, evidently we can assume that ^>(C) C C. 
Since &\C is a homotopy equivalence to C , by Waldhausen's theorem we can 
further homotope $ to a homeomorphism h from C to C unless G is free. In 
the case when G is free, both C and C must be handlebodies and any homotopy 
equivalence from C to C can be homotoped to a homeomorphism. Thus we have 
completed the proof of (l)-(3). 

It only remains to show the topological tameness of T. This has already been 
proved for the case when G is not free by showing that every geometrically infinite 
end corresponding to Sj k is topologically tame and the remaining ends are geo- 
metrically finite. In the case when G is free, we need to invoke either the work of 
Brock-Souto [TT] and Brock-Bromberg-Evans-Souto [3] or a general resolution of 
Marden's conjecture by Agol [5] and Calegari-Gabai [T3j. □ 

6. Appendix 

We shall give a sketch of the proof of Theorem l3.6l Since this theorem is derived 
directly from the continuity of length function by Brock [7] in the case when S is 
incompressible, we have only to deal with the case when S is compressible. The 
main ingredients for this argument are contained in Ohshika [39] . 

Suppose, seeking a contradiction, that there is a pleated surface homotopic to 
ty\S realising /i. (Recall that we assumed that [i is maximal and connected.) Then, 
as was shown in Lemma 4.7 in [39], for any e > 0, there are a train track r with 
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a weight system u> carrying p and a map / : S — » H 3 /r homotopic to $ \S which 
is adapted to r such that the total curvature and the total quadratic variation of 
angles of /(r) are less than e. Here a map / is said to be adapted to a train track r 
when each branch of r is mapped to a geodesic arc and there is a tied neighbourhood 
N T of t such that each tie is mapped to a point by /. The total curvature of /(r) is 
defined to be the sum of the exterior angles formed by the images of two adjacent 
branches multiplied by the weight flowing from the first branch to the second. 
Similarly, the total quadratic variation of angles is the weighted sum of the squares 
of such exterior angles. 

By taking a subsequence, we can assume that {Gi} converges geometrically 
to a Kleinian group G^ containing P as a subgroup. Then, there is a (_Kj,rj)- 
approximate isometry pi : B ri (H /Gi,Xi) — » i3if iri (H 3 /G 00 ,x 00 ), where Xi and Xoo 
are the images of some basepoint x G H 3 , such that K^ 1 d(x,y) < 
d(pi(x),pi(y)) < Kid(x,y) for every x, y G B n (H 3 /G,-, x t ), with n — > oo and 
Ki — » 1. It is easy to see that for sufficiently large i, we can construct a map /$ 
homotopic to o / which is adapted to r by defining for each branch b of t, its 
image fi(b) to be the geodesic arc homotopic to p~ l f(b) fixing the endpoints. Also, 
we can easily show that the total curvature and the total quadratic variation of 
angles for /i(r) are less than 2e for sufficiently large i. (See the proof of Lemma 
6.10 in [39].) 

Now, as we assumed that p is maximal and connected, we can take a train track 
r as above so that every measured lamination near p is carried by r. Then by the 
same argument as a proof of Proposition 5.1 of Bonahon [5] (Lemma 6.10 in [39] ) . 
we see that for every e > 0, there are io and a neighbourhood U of p in A4(S) such 
that for any weighted simple closed curve 7 G U, the closed geodesic 7* homotopic 
to ^(7) has a part with length (1 — e)length(7*) lying in the e-neighbourhood of 
fi(r). By applying the same lemma fixing i and considering a realisation of Xi by a 
pleated surface homotopic to $i\S, we see that this gives a positive lower bound for 
the length of the realisation of Xi in H 3 /Gi. This implies that £(Xi, Gi) is bounded 
below by a positive constant as i — > 00, contradicting our assumption. 
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